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INTRODUCTION 
In 1971, B. Vujanovic [I] gave a variational formulation for a broad class 
of parabolic partial differential equations. Although the formulation was 
quite unconventional, he and his co-workers [2, 31 have shown that there are 
numerous applications to be made with excellent results. Following the 
example of Vujanovic, a generalized variational formulation is given in this 
paper. This generalized formulation is applicable to any class of equations. 
Two important examples and a discussion of applications are given. 
Among Vujanovic’s concerns was the simple heat conduction equation 
r-q==, (1) 
where the standard notation p = z, , q = x, , r = x,, , s = z,, , t = z,, 
has been emp1oyed.l He was interested in finding a function L of the variables 
3c, y, z, p, q such that (1) was the Euler-Lagrange equation of 
SI=Sj-j” Ldxdy=O, 
G 
where the variation is zero on the boundary of G. If such L is to exist, in the 
conventional sense, then there must exist a function CD, not identically zero, 
with the property that 
L, - L,, - L,,p - L,, - L,,q - L,J - 2L,$ - L,J = @[I - 4. (3) 
By equating the coefficients of Y, s, t, a set of four equations are obtained in 
which L and CD are the dependent variables. 
1 Subscripting denotes differentiation with respect to the indicated variable 
throughout this paper. 
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L,, = 0, (4) 
L,, = 0, (5) 
L,, = -4, (6) 
L, - L,, - L,,p - L,, - L,,q = --spq. (7) 
This system is overdetermined and it is not difficult to show that no solution 
exists. Hence, a “conventional variational formulation” for (1) is not possible. 
Vujanovic considered an alternative to the conventional formulation. Let L 
be given by 
L = e”lc[+pz - (f/2) q2], (8) 
where 5 is a parameter. The Euler-Lagrange equation of (2) for this choice 
0fL is 
r-q-&=0. (9) 
As 5 + 0, (9) tends to (1). Th us, a variational formulation has been achieved 
in some sense. Vujanovic and others went on to obtain excellent approxima- 
tions to solutions of (l), and a number of other equations, using the “method 
of partial integration” (see Schechter [4, p. 1021). 
THE GENERALIZFD FORMULATION 
In what follows, Vujanovic’s concept will be used to offer a variational 
formulation which is applicable to any partial differential equation. For sim- 
plicity the presentation in this paper will be restricted to second order partial 
differential equations in two independent variables. The extension to higher 
order cases, and those with more independent variables, should be apparent. 
Consider the nonlinear second order partial differential equation 
and the function 
F(x, y, z, P, 4, r, s, t> = 0 (10) 
L = S”ueyIfF(x, y, z, p, q, r, s, t) (11) 
where u = zyyy . For this choice of L, the Euler-Lagrange equation for (2) is 
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from which it follows that 
F+ ... =0, (13) 
where the neglected terms in (13) are proportional to 6 or higher powers of 4. 
By letting .$ -+ 0, (10) is recovered. Thus, a variational formulation has been 
found for any partial differential equation of second order. 
EXAMPLES 
In this section, the results of the previous section will be used to determine 
approximate solutions to two important partial differential equations. The 
first example offers an interesting confirmation of a result given by Vujanovic. 
A. The Heat Conduction Equation 
Consider the one-dimensional heat conduction equation 
(14) 
where a is a constant, subject to the initial and boundary conditions 
z(x, 0) = T, [l - ($)‘I , --G < x < L’, 
z(-4y) = Z(4Y) = 0, Y 3 0. 
(15) 
This problem was explicitly considered by Vujanovic [l, p. 1321. The new 
variational formulation is 
Following Vujanovic, an approximate solution f of the form 
f = To [I - ($)‘I f(r) (17) 
is assumed. f(y) is a function to be determined subject to the condition 
f(0) = 1. Substituting 5 into (16) 
I= T02[j:tf8eY/y”‘]- -$ [l - ($)2] f -$ [l - ($)2]2f’/ dxdy 
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is obtained. Since 6I = 0, f must satisfy the Euler-Lagrange equation 
from which it follows that 
(20) 
where all of the neglected terms are of the order of .!J. Letting t-0, (20) 
becomes 
$f++gf’=o. (21) 
The solution of (21) satisfying f (0) = 1 IS 
f(y) = e-m/2d*)a* (22) 
This result agrees precisely with that given by Vujanovic and, as he points 
out, is very good. 
B. A Vibrating String with Nonlinear Friction 
In the present case, the differential equation is 
where 
r - t - X[sgn(q)] q” = 0, (23) 
j 1 if 
%47) = (-1 
4 20, 
lf q (0. 
The boundary and initial conditions are 
x(x, 0) = sin x, zu(x, 0) = 0, o<x<7r, 
x(0, y) = z(a, y) = 0, o<y<co. 
(24) 
Equations of the type of (23) have been the subject of many investigations 
(e.g., Rosen [5]). Th e new variational formulation for (23) is 
61=6 yn 1.f (3uevle{r - t - h[sgn(q)] q*} dx dy = 0. (25) 0 0 
Assume an approximate solution for (23) of the form 
27 = f(y) sin x, (26) 
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where, again, f(y) is a function to be determined subject to the conditions 
f(0) = 1, f’(0) = 0. Ob serve that the boundary and initial conditions are 
satisfied by (26). By substituting (26) into (25), it follows that 
I = fwjff [3eVlEf”{-f sin2 x - f’ sin2 x, -A[sgn( f ‘)] f ‘2 sin3 X} dx dy 
(27) 
Since 61= 0, f must satisfy the Euler-Lagrange equation 
By letting [ -+ 0, (28) becomes 
f” +f’ +gsgn(f’)f” =O. (29 
This equation has been studied by Bogoliubov and Mitropolsky [7, p. 701. 
They found that the exact solution of (29), satisfying the conditions f (0) = 1, 
f ‘(0) = 0, is 
” ((1 + gf) - (1 + g) exp [- !E(f _ I)])l” = (k-,1’2’ 
(30) 
The presence of the transcendental square root function on the left side of 
(30) prevents f from being represented in terms of elementary functions. 
However, an approximation (see [7]) is given by 
f(Y) = 1 + (3zi$9r’)ycos Ly - o-1221 ($1 t1 - 1 + (32&4y)l . 
(31) 
Using (31) in (26), the approximate solution 
1 
z = 1 + (32A/9?G)y 03s [Y - 0.1221 (E) (1 - 1 + (3;,gr8)y)] sin x 
for (23) is obtained. 
(32) 
GENERALIZED VARIATIONAL FORMULATION 677 
OTHER VARIATIONAL FORMULAE 
It is already well known that a variational formulation is not unique. In 
fact, many are available for second order partial differential equations in two 
independent variables. For example, consider 
Ar+2BS+Ct+D=O (33) 
where A, B, C depend on x, y, z and D depends on x, y, z, p, q. Let 
L = e(y/t)+(sh) [f AY* + &BS2 + p CP + a/!~] , (34) 
where 5 and 7 are parameters and ZJJ is any function of x, y, z, p, q for which 
tends to D as 5 and r] tend to zero. Then (33) wdl be the Euler-Lagrange 
equation for (2), for this choice of L, in the limit as 5 and 7 tend to zero. 
However, application of this formulation poses some problems. The authors 
found that integration with respect to x caused difficulty. Consider the heat 
conduction equation A = 1, B = C = 0, D = -q. L becomes 
and a choice for z+% is 
Taking (15) for the initial and boundary conditions and (17) for the approx- 
imate solution, I then assumes the form 
I= ye lC 1 Y 
0 
1 277 (&in - ,-C/s) f” + [9& (.Eg _ Yg f z!g) e’l” 
uo2 8113 24714 24715 e-c,n f,21 dy --__ - __ 
2a e2 + d3 + l4 ( 1 1 \ . (38) 
Since SI = 0, f must simultaneously satisfy the two equations 
t 8 247 + - ___ 
( a P 2!3 
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and 
However, as 5 and 7~ tend to zero, both of these equations become 
from which 
This solution greatly differs from (22). In fact, the behavior of (42) is com- 
pletely contrary to what is expected for the solution of the problem. The 
authors attribute these failings to the fact that partial integration was carried 
out with respect to a variable which involved a “variational parameter,” 
x and y, respectively, in this case. The authors have had no success with 
application of this type of formulation. 
CONCLUSION 
In this paper, a variational formulation which is directly applicable to any 
class of second order partial differential equations in two independent varia- 
bles has been given. The utility of this formulation was demonstrated by 
means of two important examples in which results were obtained which 
nicely agree with those given by previous investigators. In addition, it is clear 
that the new formulation can be generalized to any other class of equations. 
Finally, a pitfall in the application of this type of formulation was discussed 
in the previous section. It was concluded that certainly less predictable 
success could be expected if integration with respect to the variable involved 
with the “variational parameter” was carried out in the course of application. 
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